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0\ • Abstract 

^: 

■ We consider a manifold endowed with two different vielbeins E^^ and 
^ . L^^ corresponding to two different metrics g^^ and f^y. Such a sit- 
^ \ nation arises generically in bimetric or massive gravity (including the 
^1 recently discussed version of de Rham, Gabadadze and Tolley), as well 

^ ■ as in perturbative quantum gravity where one vielbein parametrizes the 

^ ■ background space-time and the other the dynamical degrees of freedom. 

^ . We determine the conditions under which the relation g^^E^^L^^ = 

■ - ■ ' g'^'^E^^L^^^ can be imposed (or the "Deser-van Nieuwenhuizen" gauge 

chosen). We clarify and correct various statements which have been 
made about this issue. 



1 Introduction 

There are various situations in physics where one has to consider a manifold endowed 
with two different vielbein fields. Obviously, this appears to be the case in bimetric 
theories, theories where two different metrics are defined on the same space-time 
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manifold [T]. Each of these metrics can then be described by a different vielbein. 
This is also true even if one of the two metrics is not dynamical. It also applies to 
non linear massive gravity (for recent reviews see [21 13]), which is nothing else than 
a special class of bigravity, and in particular it applies to the recently introduced 
massive gravity theories of de Rham-Gabadadze-Tolley (dRGT in the following) 
[H m |6] as well as to the extension of these to the dynamical bimetric case [3 |8]. 
A similar situation also occurs when one expands General Relativity around a fixed 
background metric and expresses both the background and the dynamical metric in 
terms of vielbeins. This is the starting point of many works dealing with quantum 
gravity (see e.g. P flO])- 

Considering such situations, let us define, in arbitrary D dimensions, and L"^ 
to be two bases of 1-forms obeying at every space-time point [f] 



g^'E^E^ = rL\L\ = , (1) 



or equivalently 



t^abE^^E'', = g^, , (2) 
VabL"^ij.L^u = f^lu , (3) 

where gfj_i, and ff^i, are respectively the metrics associated with the vielbeins. We 
will also need the vectors ca and Ea, respectively dual to the 1-forms E"^ and L^, 
that verify 

E^ies) = E^.es^ = , (4) 
L^(£b) = L^/b'' = 6^B . (5) 

For future use, let us rewrite the above relations (and consequences thereof) using 
matrix notations. We have 

/ = L't^L, (6) 

= ^V, (7) 
1^ = I'L = W = LH = IL' , (8) 

where 1^ is the D x D identity matrix, m* denotes the matrix transpose of the 
matrix m, r] is just diag{—l, 1, ■ ■ • ,1) and the same relations hold between E, e and 
g respectively. 

The defining relations (|2]) and (|3]) imply the gauge symmetry 

E^, ^ A%E%, (9) 
L\ ^ AVm, (10) 



^Our convention is that Greek letters denote space-time indices, while capital Latin letters 
denote Lorcntz indices that are moved up and down with the canonical Minkowski metric tiab 
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with and A-^^ Lorentz matrices. 

It is often convenient to ask for a "symmetry" condition on the vielbeins which 
reads 

e/LB^ = es^LA^ . (11) 

Notice that this condition can also be written as g^''^ ^L^ i, = g^^'^ ^L^ ^ and 
that Ref. [H] uses an equivalent form which reads E^ ^Lj^^ — E^ i,L j^^. 

In the recent discussions about massive gravity, such a condition has been used to 
ensure the existence of, and express, the matrix square root of g~^f which enters in 
a crucial way in the definition of dRGT theory (see e.g. [Ill [13]). Indeed, whenever 
condition ( ITTl) holds, 7 defined as 

I'u = e/L\ (12) 

verifies the defining equation of the matrix square root of g~^ f given by 

= g'-'Uu . (13) 

It has also been argued by Hinterbichler and Rosen [H] that, in the vielbein re- 
formulation of dRGT theories, condition ( fTTI) is obtained as a consequence of field 
equations. To prove this, they use a decomposition of an arbitrary matrix M (rep- 
resenting some unconstrained arbitrary vielbein multiplied by 77) as 

M = As , (14) 

where A is a Lorentz matrix and s is a symmetric matrix. This is reminiscent of 
the so-called polar decomposition stating that an arbitrary invertible matrix can be 
written as the product of an orthogonal matrix with a symmetric matrix. However 
we will show that such a decomposition does not hold in general if one replaces 
the orthogonal matrix by a Lorentz transformation. This makes in particular the 
argument of Ref. [13] incomplete. 

Furthermore, in massive gravity as well as in perturbative quantum gravity con- 
dition ffTTj) has been used as a gauge condition. In the quantum gravity context, 
this gauge (sometimes dubbed Deser-van Nieuwenhuizen gauge in reference to [9]) 
has been first introduced via a gauge fixing term in the action and dealt with per- 
turbatively [HI HO]- It was then later argued that this gauge can be set "non pertur- 
batively" , i.e. that given a set of arbitrary vielbeins E"^ and L"^ that do not fuUfill 
condition (fTTj) . one can always Lorentz rotate them as in ([9]), and (fTOjl to define 
a new set of vielbeins obeying this condition [TTj (with the consequence that the 
corresponding gauge would not suffer from Gribov-like ambiguities). Interestingly 
enough, the same statements have also been made in the context of massive gravity. 
Indeed, there as well the condition fllip has been used "perturbatively" (i.e. in the 
case when both metrics g^^ and /^^ are close to one another, see e.g. [12]), but it 
has also been argued that condition (fTTj) can be reached as a (Lorentz) gauge choice 
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for arbitrary metrics [13]. This contradicts various other statements made in the 
hterature, for example in Ref. [TU], where it is stated that gauge (fTT]) cannot be set 
beyond perturbation theory. Setthng this contradiction, as we intend to do here, will 
also illuminate issues discussed in the previous paragraph, since, as we will show, 
to set f|TT]) via suitable Lorentz rotations of the vielbeins involves a decomposition 
similar to f fl^ . 

To be precise, the purpose of this note is to determine when and how the con- 
dition fITT]) can be enforced, as well as when the decomposition f lT^ holds. These 
questions, beyond their mathematical interest, are especially important for massive 
gravity. Indeed, one can argue that the vielbein formulation of dRGT theories has 
several advantages over their metric formulations. First of all, it allows a simple 
extraction of what plays the role of the Hamiltonian constraint [H]. Second, in 
some cases it also allows to dynamically derive the existence of the square root 
of g~^f that has to be assumed or enforced by Lagrange multipliers in the metric 
formulation [TU [15] . Finally, the frame formulation permits a simple discussion of 
the constraints and the counting of dynamical degrees of freedom in the Lagrangian 
framework [13]. In this formulation, relation f lTT]) plays a key role, and it is impor- 
tant to know whether it can be obtained by Lorentz gauge transformations, or it 
needs additional constraints to be imposed. 

This paper is organized as follows. In the next section, we will discuss necessary 
and sufficient conditions for ( ITT]) and ( IT4)) to hold. Then, in section 3, using results 
on matrix square roots, we will spell out sufficient conditions to achieve ( ITTl) and 
(in]). In the last sections, and before concluding, we will discuss the specific cases of 
D = 2, D = 4, and D = 3 space-time dimensions, and in particular the cases which 
cannot be handled via the results of section 3. 

Before proceeding, let us mention a special choice for one of the metrics (say /^y) 
and the associated vielbein L^. This choice is made in some contexts (e.g. dRGT 
theories, but also perturbative quantum gravity). It amounts to first assuming that 
the metric /^j^ is fiat and takes the canonical form r]^^, i.e. 

ffiu = Vt^u , (15) 

and then choosing L"^ = dx^, i.e. such that (in components) 

L\ = S\ . (16) 

When the choice fll5p - (fTB]) is made, the constraint f llll) simply reads (labelling here 
space-time indices and Lorentz indices with the same set of letters) 

e^^ = e^^ , (17) 

stating that the vielbein e^^ can be represented as a symmetric matrix. This choice 
will not be used to derive the results of this paper, but will just sometimes be 
considered as an example. 
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2 Necessary and sufficient conditions 



Let us first try to set the constraint (fTTj) by using the freedom to Lorentz rotate 
independently the two sets of vielbeins L"^ and ca- Considering two arbitrarily 
chosen vielbeins ca and , assume that there exist two Lorentz transforms A"^^ 
and A"^^ such that the matrix S^^ defined by 



S^^ = A^^e^'^L^^A^^ (18) 
is symmetric. Defining M as the matrix of components M"^^ given by[§ 

(note that this definition implies that M is invertible), the above equality ( ITSll reads 
in matricial notations 

S = AMA* . (20) 
Multiplying it on the right by (^A*j and on the left by A~^ we get 

A-^sfA*)'^ = A-^AM. (21) 



For S to be symmetric, the matrix on the left hand side above should be symmetric, 
call it s. Defining the Lorentz tranformation A by A = A~^A we get that the 
invertible matrix M should be written as in Eq. (fT^ . Being a Lorentz transformation, 
A verifies 

\^n\ = 7] = Ar/A* . (22) 

As we already stated, a decomposition such as in Eq. (fT^ does not hold in general 
(in constrast to the polar decomposition). Indeed, rewriting (fT4l) as A = Ms~^ and 
inserting this into (122]) we get after some trivial manipulation, that M and s should 
fuUfill the necessary condition 

{r]s) {r]s) = r]M^T]M . (23) 

Running backward the above argument it is easy to see that the above condition is 
also sufficient (just because the matrix defined as Ms~^ will be a Lorentz transfor- 
mation). Hence we have proven the following proposition. 

Proposition 1. An arbitrary invertible matrix M can be decomposed as M = As, 
A being the matrix of a Lorentz transformation and s a symmetric matrix, if and 
only if (i) the real matrix rjM^rjM has a real square root, and (ii) at least one such 
square root can be written as the product of rj with a symmetric matrix. 



^With our notations, Ref. [TT] uses rather £^^E^ ^ as a starting point. 
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In particular, when M is given by (fT9|) . we have (using relations ([6])- ([8]) as well 
as definition (IT^ ) 

r,M'r,M = vLg-'fl'v = ifg-'r' = {Lg-'fL-^Y • (24) 

So if g~^f has a square root 7, then (i) above holds: a square root of rjM^rjM being 
then given by {L'jL~^y. We then prove the following proposition, 

Proposition 2. Given two metrics g^j^^, and f^y, g~^f has a square root 7 such that 
7 = f~^s, with s a symmetric matrix, if and only if the matrix M defined by ( f7P|) 
(and which verifies relations [24\)) is such that the real matrix rjM^-rjM has a real 
square root which can he written as the product of rj by a symmetric matrix. 

Proof. We first assume that g~^f can be written as g~^f = (/~^s)^ with s a sym- 
metric matrix. Then using this hypothesis into the first equality of (p4l) we get 

r]{M^)T]M = r]Lf"\sf"^sfr] 
= isf-^sfT] 
= esfLf-hfT] 
= ist7]isfr] 

The matrix rjisi^rj being symmetric, this proves one side of the equivalence. Con- 
versely, we assume that there exists a symmetric matrix s' such that 77 (M*) rjM = 
{ris'Y . Then g~^ f is given by 

g"^f = fr]{7]M^7]M)r]L 

= fs'T]s'T]L 

= fs'7]Lfs'if 

= {fs'if){fs'if) 

= if-'fi's'if) if^'ffs'if) . 

Noticing that the matrix fts'lf is symmetric ends the proof. □ 

Hence, gathering the above results, we have proven the following statement. 

Proposition 3. There exist vielbeins ca^ and y corresponding to the metrics 
g^y and f^y respectively (i.e. rj^^CA^eB" = g^^ and riAsL^fiL^ u = ffiu) such that 
ca^Lbij. = Cb^Laii, if and only if there exists a real matrix 7 such that (i) 'y^p'y''u = 
g^'^fpv (i-G- 7^ =g~^f)! and (a) /7 symmetric. 

Direct proof. Suppose first we have vielbeins ca and satisfying the above sym- 
metry property. Then 

g^'fp. = V^''eAVvcDL''pL''y 

= r^^^eA^L^'yeB'LDp (25) 
= r/^^e^'^L^.ezj^Ls, = ca^L^ pCo'L'' y , 
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and if we define --^^y = ca^L^u G R we get g^^ fpu = I'^pl^u- Moreover 

= L"^ p.^c'' L ApL^ u 



p'iA J^Cp 

VBcL''.L'',eA''L^, = UpY 



p ) 



which shows that the matrix f'j is symmetric. Notice that this is equivalent to 7/"^ 
symmetric. Conversely, suppose we have a real matrix 7 such that 7^ = g~^f and 
/7 symmetric. We start by choosing an arbitrary vielbein for the metric /^j, i.e. 
fpiy = VAsL'^pL^u, and we denote by £3 its dual vector i.e. f^^" = ti^^Ia^^b'' ■ We 
then define ca^ = I^v^-a' ■ This implies that 

il^'^'eA^eB" = V^'^rpeA^YJE" 

= ri%i\ (27) 

But the symmetry of 7/"^ implies that (7/^^)* = f^^Y = 7/""*^ so 

tj^^caV = il^f-'r = , (28) 

and ca is a well-defined vielbein for the metric g^y. Notice that this definition tells 
us 7^;^ = ca^L'^v It remains to be shown that these vielbeins have the required 
symmetry property. We start from the symmetry of /7 

fppl^u fupl^p 1 (29) 

which we can rewrite 

T^AsL^pL^'pec'L'', = r^ABL^uL^'pec'L''^ . (30) 

Multiplying by Id^C-e^ we get ce^Ldp = cd^Lep and this completes the proof. □ 

As we just showed the hypotheses (i) of Propositions [1] and [3] are that a certain 
real (invertible) matrix has a real square root. It is however well known that not 
all real invertible matrices have real square roots (see e.g. [T7] ) and we will 
later recall what are the necessary and sufficient conditions for this to occur. In our 
case, though, the matrix which should have a square root is not totally arbitrary. 
For example, in Proposition [1] it must be of the form rj (M*) rjM. This alone does 
however not ensure the existence of a square root. For example, choosing 



M 



/ -1 \ 

-3 

2 

\ 1 / 



(31) 
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we get 
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4 




\ 



r]M^riM 



\ 














1 








1 / 



(32) 



which doesn't have any real square roots. Indeed, such a 4 x 4 diagonal ma- 
trix with four distinct eigenvalues has 2^ square roots which are given here by 
(izof? (±3z, ±z, ±2, ±1). None of them is real. Hence the decomposition f|T^ can 
at best hold for a restricted set of matrices. 

We thus see that considering the matrix M above as given by the form f[T^ 
invalidates the result of Ref. [TT]. Notice that, if one makes now the simple choice 
(fT5|) - (fT6|) (and considering equation (l24l) ). our example involves a "mismatch" be- 
tween the time directions of the two metrics f^u and (7^^. However, beyond per- 
turbation theory there is no reason to think that these time directions should co- 
incide or even be compatible. We will come back to this question later. Notice 
further that perturbatively, ii g = f + h, with h small, then to the first order in h 
g~^f = (if) — l/2/~^/i)^, and so the assumption (i) and (ii) of Proposition El are 
always true perturbatively. 

3 Sufficient conditions 

Here, in order to formulate simple sufficient conditions allowing to obtain f|TT]) and 
f|T^ . we will discuss the precise relation between hypotheses (i) and (ii) of Propo- 
sitions [1] and [3l We need to recall how square roots of real matrices are obtained. 
We first use the following theorem (that we quote here from Ref. |16j). 

Theorem 1. Let A be an invertihle real square matrix (of arbitrary dimension). If 
A has no real negative eigenvalues, then there are precisely T'^^ real square roots of 
A which are polynomial functions of A, where r is the number of distinct eigenvalues 
of A and c is the number of distinct complex conjugate eigenvalue pairs. If A has 
a real negative eigenvalue, then A has no real square root which is a polynomial 
function of A. 

Let us first use this theorem to prove that (i) of Proposition [1] (respectively 
Proposition [3]) implies (ii) of the same proposition whenever the matrix rjM^rjM 
(respectively the matrix g~^f) has no real negative eigenvalues. To see this, just 
consider a real matrix A with no negative eigenvalues, given by the product of two 
symmetric invertible matrices S and S'. By virtue of the above theorem, we know 
that this matrix has at least one real square root which is a polynomial function of 
A, that we note F{A). One then has 




(33) 
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where the sum runs over a finite number of integers k, and are real numbers. 
Using the fact that A = S'S, one then has 



F{A) = S' cqS'^^ + J2 [SS'S ■ ■ ■ S'S]^ 



(34) 



fc>i 



where the term [S'S"S' ■ ■ ■ S'S*] ^contains k factors of S and k — 1 factors of S', and 
is a symmetric matrix. This means that that the square root F{A) is given by the 
product of S' by a symmetric matrix. It is enough to prove our assertion by choosing 
S' to be given by t] and S to be given by M^rjM (respectively S' given by f"^ and 
S to be given by fg~^f)- Hence, using the above result, and Propositions [T] and [3] 
we have shown the following two propositions 

Proposition 4. A sufficient condition for an arbitrary invertible real matrix M 
to be decomposed as M = As, A being the matrix of a Lorentz transform and s a 
symmetric matrix, is that the matrix rj (M*) r]M has no negative eigenvalues. 



Proposition 5. A sufficient condition for the existence of vielbeins and ^ 
corresponding to the metrics g^y and f^^ respectively (i.e. Tj^^eA^^B'^ = 9'^^ o,nd 
TjAsL^fiL^ u = ffiu) such that ca^Lb^ = cb^La^, is that the matrix g~^f has no 
negative eigenvalues. 



If A has one (or more) real negative eigenvalue. Theorem [T] does not imply 
that A does not have a real square root, but just that such a square root cannot 
be a polynomial function of A. In order to enunciate the necessary and sufficient 
conditions for a real matrix to have a real square root, one first needs to introduce 
the so-called Jordan decomposition of a matrix. It uses Jordan blocks which can be 
defined as r x r matrices wich are of the form J{r,z) given by (for r > 2) 



J, 



(Z 1 

z 





1 



z 




\ 


1 



(35) 



where z is a complex number, and one has J{\,z) = (z) for r = 1. One can then 
show that for an arbitrary n x n matrix A, there exists an invertible matrix P, and 
a matrix J such that 



P~^AP = J 

and the matrix J is a so called Jordan matrix of the form 



(36) 



J = diag [J^ruzi), J{:< 



{r2,Z2)^ 



(37) 
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where k is an integer and the matrices J{r-,z ) are called the Jordan blocks of J. For 
a given matrix A, the number of Jordan blocks, the nature of the distinct Jordan 
blocks, and the number of times a given Jordan block occurs in the Jordan matrix J 
are uniquely determined. Moreover, the Zi are the eigenvalues of A. One can further 
show that a given Jordan block J(r,z) with z ^ 0, has precisely two upper triangular 
square roots, j^^y which are in addition polynomial functions of J(r,z) [IS]. These 
can be used to find all the square roots (possibly complex) of a given matrix using 
the following theorem. 

Theorem 2. Let A be a n x n complex matrix which has a Jordan decomposition 
given by Iji3^-lj^3^, then all the square roots (which may include complex matrices) 

of A are given by the matrices PUdiag [jfr,,z,)^ jtr2,z2)^ " ' '-^ffc.^fc)) U~^P~^, where 
U is an arbitrary matrix which commutes with J. 

The Jordan blocks of a matrix also play a crucial role in the following theorem 
which gives the necessary and sufficient condition for a real matrix to have a real 
square root (see e.g. [T7]). 

Theorem 3. Let A be an invertible real square matrix (of arbitrary dimension) . The 
matrix A has a real square root if and only if for each of its negative eigenvalues 
Zi, the number of identical Jordan block J^n^zi) where this eigenvalue occurs in the 
Jordan decomposition of the matrix A is even. 

In the following, we will use the above theorems to discuss in detail the case^ 
which are not covered by our Propositions H] and El Namely, we will ask if it possible 
for a matrix to fullfill condition (i) (of Propositions [T] and |3]) without obeying condi- 
tion (ii) (of the same propositions). We will do it for various space-time dimensions, 
starting with the two dimensional case, which has less interest as far as gravity is 
concerned, but where results useful for the other cases can be derived. In this case 
we will also be able to give an explicit proof of the propositions of section [21 



4 Two dimensional case 

A certain number of the results derived before can easily be obtained in two dimen- 
sions by an explicit calculation. Consider first the decomposition f lT^ . We ask if an 
arbitrary 2x2 invertible matrix M given by 



D ^ 

can be written as (beginning here with proper orthochronous Lorentz transforma- 
tions) 

A B \ _ ( c s \ ( a b 
C D ~ [ s c [ b d 



(39) 



^Note however that according to Theorem [3] these cases should be of zero measure with respect 
to those which are included. 
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where c = cosh-?/' and s = sinh-?/' (and ip a real number). Expanding the matrix 
product in the right hand side, we obtain a system of 4 hnear equations obeyed by 
the three coefficients { a, b, d} which we can use, ehminating b, to get the necessary 
condition [A — D)s = (C — B)c, which cannot hold for \C — B\ > \A — D\. This 
obviously shows that the decomposition fl39|l is not always possibl^, as we showed 
in a more general way in Proposition [TJ 

In two dimensions, one can also explicitly show that the condition (i) of Propo- 
sition [T] always implies the condition (ii) of the same proposition. Indeed, consider 
a 2 X 2 matrix m, that is written as m = r/s, with s symmetric. Let us then assume 
that this matrix has a square root. According to the proof of Proposition HJ we 
know that if this matrix has no negative eigenvalues, it has a square root which is 
a product of rj times a symmetric matrix. Let us study the case where it has at 
least one negative eigenvalue. In this case, according to Theorem [3l it must be of 
the form m = P diag {—u, —u) = —UI2, where u is a positive non zero number 
1^ (note that such a matrix is indeed in the form r]s). It remains then to study all 
the square roots of 

" - ( 7 -u ) ■ («) 

The matrix equation 7^ = m is easy to solve explicitly. We obtain that a real square 
root 7 is given by any of the matrices 

^=(-^ -a) = {~0 ?)(-^ -«) ^^^^ 

where /3 and a are real numbers and /3 is non zero. Choosing then a and /3 which 
obey the constraint m = — we find an infinite family of real matrix square 
roots of m which are written in the form of the product of 77 by a symmetric matrix. 
A similar straightforward calculation can be made to prove that hypothesis (i) of 
Proposition [3] implies (ii) of the same proposition. In fact, it is easy to see that for 
every symmetric matrix 

(::) («) 

with ac — b^ < there exist real a, P such that 

(^c)(-^-0 

is symmetric i.e. such that — 2aPb + cu + co? = 0. Indeed, either c 7^ and 
the discriminant of the above second order polynomial equation with respect to a, 

*This conclusion can be extended easily with the same derivation to the case of a Lorentz 
transform which is not proper and/or orthochronous. 

^This means that m has two identical one dimensional Jordan Block (— u). 
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Aq, = 4(3'^ (b"^ — ac) —Ac^u, is positive for large enough /3, or c = in which case b must 
be non-zero and a = ^ is an obvious solution. This shows that in 2 dimensions, 
being able to choose zweibeins obeying (ITT]) is equivalent to the existence of a real 
square root oi f . 

5 Four dimensional case 

Considering here the case of 4 x 4 real matrices, and using Theorems [2] and [3|, we 
have that the only real invertible matrices A that have at least one negative real 
eigenvalue and also have at least one real square root must have one of the following 
Jordan forms 

A = PJkP-' (44) 

where Jk is one of the Jordan matrices 

Ji = diag{—u, —u, — m, —u) 
J2 = diag{—u, —u, —v, —v) 

^--K("o"-l)-K"V'".-..)) 

J4 = diag{—u,—u,v,w) 

= ^^"^((7 -n)'(o I)) 

J-j = diag{—u,—u,v,v) 

where u, v and w are positive real numbers, u is always non zero, the same is true 
for V and w except in the case of J3 where v and w cannot vanish simultaneously. 

Let us first consider the case where one simply has A = J2. As will be shown 
below, J2 is an example of a real matrix which is a product of 77 by a symmetric 
matrix and has real square roots (in fact it has infinitely many, as we will see below), 
but which is such that none of those square roots is a product of r/ by a symmetric 
matrix. As such it shows that, in full generality, hypothesis (i) of Proposition [1] 
does not imply (ii) of the same proposition (this has to be contrasted with the two 
dimensional case where we showed the opposite). Let us indeed find all the square 
roots of J2 using Theorem [21 We first determine all the matrices U which commute 
with the Jordan matrix J2. It is easy to see (e.g. by explicitly computing the 
commutator) that those matrices are simply of the form U = diag{V, W) where V 
and W are arbitrary 2x2 invertible matrices. This means in turn that all the square 
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(45) 
(46) 

(47) 

(48) 

(49) 

(50) 
(51) 



roots (including complex square roots) of J2 are of the form0 

But this implies also that the 2x2 matrices Vdiag (iz-y/n, ±Za/u) (respec- 
tively Wdiag {±^^/v, ±i^/v) W~^) are square roots of the 2x2 Jordan matrices 
diag{—u,—u) (respectively diag{—v,—v)). Hence, using ( 14T1) we obtain all real 
square roots of J2 as 

/a 13 \ 
-a 
a 6 
\ -a ) 

where a, /3, a and h are real but otherwise arbitrary (with h and /3 non vanishing). 
However, none of the above square roots is the product of 77 by a symmetric matrix 
(this would require 6^ + = — f ), which proves our assertion. 

The same example can a priori be applied to Proposition |31 However, there, 
hypothesis (i) concerns the matrix g~^f which, as we will see, cannot be equal to J2. 
Let us indeed consider the more general case where the matrix g~^f is diagonalizable. 
This has to be the case if g~^f is similar to J2 (or indeed Ji or J3). One can show 
that this is a sufficient (and in fact also necessary) condition to be able to diagonalize 
in a common basis the matrices (^^j, and f^i, corresponding to the symmetric bilinear 
forms represented by the metrics [isj^ . In this common basis, each of the diagonal 
matrices corresponding to g and / has only one negative eigenvalue, and hence there 
is no way that g~^f can be equal or similar (in the mathematical sense) to J2, which 
has four negative eigenvalues. The same reasoning excludes Ji and J3 as admissible 
Jordan matrices associated to g~^f, because those matrices are diagonal and have 
eigenvalues which cannot all be given by products of eigenvalues of two commonly 
diagonal metrics with a Lorentzian signature. The only cases left over are thus those 
with Jordan matrices given by J4, J5, Je and J7. We will not discuss here the case 
of J5 and Jq (see below), but will however study the J4 and Jj cases (which are 
admissible as Jordan matrices of g~^f)- In these cases, however, there exists a basis 
where both metrics are diagonal (as a consequence of the result we just used) and 
the time direction of any of the two metrics is space-like with respect to the other. 
This might be considered as a pathology if both metrics are dynamical, leading 
possibly to causality violations. However, nothing goes wrong a priori if only one 
metric is dynamical, even though, this has to be checked on a case by case basis. 
For example, in dRGT theory the light cone seen by some of the polarizations of 

^^Indeed, (zLiy/u) and {zti^/v) are just the square roots of the one dimensional Jordan blocks 
(— u) and (— w) 

^^If one of the two bilinear forms had a euclidean signature, then it would have been possible to 
diagonalize matrices corresponding to both forms in the same basis without any further assumption. 
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(53) 



the massive graviton is not set by the dynamical metric background alone, but also 
by the non dynamical metric, as exemplified e.g. in appendix A of ref. |15j . 

In the cases of matrices A which have J4 or J7 as Jordan matrices, one can find 
examples of matrices given by the product of 77 with a symmetric matrix, and having 
real square roots, but such that none of these square roots are the product of 77 with 
a symmetric matrix. Indeed, consider the invertible matrix P given by 



P 



-1 1 
2 



2 

V 




1 



-2\ 

-1 
1 

/ 



(54) 



such that 



A = P 



( -1 



V 








\ 



2 

3/ 





-7 


4 


-4 


o\ 




4 


-3 


2 







-4 


2 


-3 





v 











2/ 



(55) 



Applying Theorem [2] and the same reasoning as above, all the real square roots of 
A are given by the matrices 



P 



( 



\ 



a 






(3 



-a 















\ 





±V3j 



P 



-1 



(56) 



with a and /3 real and /3 non zero 0. We can compute this explictly to check that 
these matrices can never be written as the product of rj with a symmetric matrix. 
Indeed, looking for example at the (2, 3) and (3, 2) elements of the above matrix fl56|) . 
it can be seen that they are equal if and only if (3a — /9)^ + 8/3^ + 9 vanishes, which 
never occurs for real a and /3. This example can be directly applied to Proposition 
Elby considering the choice f lT^ for f^^^, (and then A = f~^g~^f), showing that in 
general (i) of this proposition does not imply (ii). 

So far, we have only discarded cases of matrices similar (in the mathematical 
sense) to J5 and Jg, i.e. only discussed in detail diagonalizable matrices (possibly 
only in C). There is however a well defined criterion allowing us to do so. Indeed, 
one can show that a sufficient condition for g~^f to be diagonalizable is that the 
light cones of g^,j and that of /^,^ do not intersect (except at the origin) [IB]. When 
it is the case, using the result we mentioned above, one can find a basis where g^^ 



^Complex a and /3, as well the replacement of the 2x2 matrix above ( ^ j by 



a 





^ ( Q ^ ) give in fact all the square roots of A, but only those given by (f56| are real. 
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and ffj^y are commonly diagonal. Then, in this basis, either the time directions of 
the two metrics coincide and the sufficient condition of Proposition is fuUfilled - 
one can find a basis of vierbein satisfying f llip - or they do not coincide, and then 
one has either J4 or J7 as Jordan matrices and the counter example above applies. 

6 Three dimensional case 

The results obtained in the previous section can easily be extended to the case of a 
spacetime with 3 dimensions, which has some relevance for physics and in particular 
massive gravity [191 ISQl |21]. In three dimensions, the only cases which are not 
covered by Propositions H] and |5] are the cases of real invertible matrices A which 
have the form 

/ -u \ 
A = P i -u \ P-^ (57) 
\ V J 

where u and v are non zero positive real numbers, and P is an invertible matrix. 
Here it is also easy to find an example of the kind fl5^ - fl56l) . Indeed consider now 
A to be given by 

/ 7 -4 4 \ / -1 1 -2 \ / -1 \ / -I 1 -2\"^ 
A = i 4 -3 2 = 2 -1 -1 2 -1 .(58) 

\-42-3/ \201/\0 3/\201/ 

This matrix has the form of a product of 77 with a symmetric matrix, but none of 
its real square roots, given by 

-1 1 -2 \ / a (3 \ / -1 1 -2 \ 
2-1 -1^ -a 2 -1 , (59) 

201/Vo 0±v^/V20l/ 

(with a and /3 real numbers, /3 non vanishing) has. Hence, one can make here similar 
considerations as those given at the end of the previous section. 

7 Conclusions 

In this note, we studied in detail the sufficient and necessary conditions for two 
vielbeins L"^ and associated with two metrics /^^ and Qf^i, defined on a given 
manifold to be chosen so that they obey the symmetry condition flTT]) which has been 
used as a gauge condition in vielbein gravity or massive gravity. We also studied 
as a byproduct the necessary and sufficient condition for an arbitrary matrix M 
to be decomposed as in (fT4l) . We showed that, in contrast to what has sometimes 
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been claimed in the literature, the condition (|TT]) and the decomposition (fT4|) cannot 
be achieved in general but require some extra assumptions related to the existence 
and properties of square roots of matrices. These assumptions are gathered in 
Propositions 1 to 5 of the present work. We also showed that, in the 4 dimensional 
case, it is enough to assume that the light cones of the two metrics do not intersect 
and that the metrics share the same time direction (in the sense given at the end of 
section IS]), in order to satisfy a sufficient condition for flTTl) to be true. 
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